Mega-electron-volt proton irradiation on supported and suspended graphene: A Raman spectroscopic layer dependent study J. Appl. Phys. 110, 084309 (2011) Gel formation and aging in weakly attractive nanocolloid suspensions at intermediate concentrations J. Chem. Phys. 135, 154903 (2011) Waiting time dependence of T2 of protons in water suspensions of iron-oxide nanoparticles: Measurements and simulations J. Appl. Phys. 110, 073917 (2011) The effects of shape and flexibility on bio-engineered fd-virus suspensions J. Chem. Phys. 135, 144106 (2011) Quantitative measurement of scattering and extinction spectra of nanoparticles by darkfield microscopy Appl. Phys. Lett. 99, 131113 (2011) Additional information on J. Chem. Phys. Here this theory is put to the test by comparing it against computer simulations. A Brownian dynamics simulation program was developed to follow the dynamics of the rods, with a length over a diameter ratio of 60, on the Smoluchowski time scale. The model accounts for excluded volume interactions between rods, but neglects hydrodynamic interactions. The self-rotational diffusion coefficients D r ͑͒ of the rods were calculated by standard methods and by a new, more efficient method based on calculating average restoring torques. Collective decay of orientational order was calculated by means of equilibrium and nonequilibrium simulations. Our results show that, for the currently accessible volume fractions, the decay times in both cases are virtually identical. Moreover, the observed decay of diffusion coefficients with volume fraction is much quicker than predicted by the theory, which is attributed to an oversimplification of dynamic correlations in the theory.
I. INTRODUCTION
Suspensions of rigid rodlike colloids dissolved in Newtonian liquids are of great importance both in biological and in industrial applications. Already in the first half of the previous century, Onsager 1-3 understood that very long and thin rods will display interesting thermodynamic phase behavior at very low volume fractions. The complete phase diagram for varying aspect ratios and volume fractions was determined a decade ago by Bolhuis and co-workers 4,5 by means of Monte Carlo simulation. In dilute solutions, the basic equation describing the dynamics of rigid long thin rods is well established [6] [7] [8] and the dynamical properties have been calculated by various authors. [9] [10] [11] [12] [13] The self-orientational diffusion of rods in semidilute or concentrated solution, however, is difficult to understand quantitatively due to the complexity of the restoring torque exerted by surrounding rods. A theoretical analysis is very complicated because in principle both excluded volume interactions and hydrodynamic interactions have to be taken into account. Fortunately, it may be argued 14 that the latter are negligible for very large aspect ratios L / D, where L is the length of the rods and D their diameter. Even then, the problem remains to be very tough and results are only obtained on the basis of severe approximations.
In this paper we present the results of Brownian dynamics simulations of a system of interacting rods without hydrodynamic interactions. A justification for the neglect of the latter has been presented in Ref. 14. Besides this justification, the main reason to neglect hydrodynamic interactions in this work is that we intend to provide results with which to compare the theoretical predictions. Any possible deviation between theoretical prediction and corresponding simulation results must then be due to one or more of the remaining approximations in the theory. In Sec. II we briefly discuss these approximations.
In Sec. III we describe our simulation model, which we prove in Appendix B to be equivalent to the Smoluchowski equation on which the theory is based. Excluded volume interactions are modeled with a pairwise interaction potential whose terms are proportional to the overlap volume of the corresponding pair of rods. It will be shown that this potential is accurate enough to simulate collections of hard rods. In Sec. IV we present the results of our simulations and compare them to the corresponding theoretical prediction. Finally, in Sec. V we summarize our findings. 
II. THEORY
For long and thin rigid rodlike colloids suspended in Newtonian liquids, the fundamental equation of motion, in the overdamped limit, is the N-particle Smoluchowski equation, describing the time evolution of the probability density function ͑pdf͒ of the phase-space coordinates of the rods. When hydrodynamic interactions between rods are neglected, integration of the N-particle Smoluchowski equation for a very large aspect ratio leads to ͑see Appendix A͒
‫ץ‬ ‫ץ‬t
P͑û ,t͒ = D r R · ͕R P͑û ,t͒ − ␤P͑û ,t͒T ͑û ,t͖͒. ͑1͒
Here, P͑û , t͒ is the one-particle pdf of the orientation û of some rod, with û being the unit vector along the long axis of the rod at time t. The rotational operator R ϵ û ϫ ‫ץ‬ / ‫ץ‬û plays a role analogous to that of the gradient operator ٌ r in translational diffusion. ␤ is defined as 1 / k B T with Boltzmann's constant k B and temperature T, and D r is the rotational diffusion coefficient of a single rod
where ␥ r is the rotational friction coefficient and s the viscosity of the solvent. The average torque acting on the central rod T ͑û , t͒ in Eq. ͑1͒ is expressed as
where is the number density of rods and V͑r − rЈ , û , û Ј͒ is the pair-interaction potential for two rods with orientations û and û Ј and center-center separation r − rЈ; because of translational invariance the pair-correlation function g͑r − rЈ , û , û Ј, t͒ depends on r − rЈ instead of r and rЈ separately and consequently T ͑û , t͒ does not depend on r. P ͑û Ј, t͒ is the one-particle pdf of the surrounding rods.
A few remarks about the average torque T ͑û , t͒ and its use in Eq. ͑1͒ should be made at this point. First, we note that the most basic equation of motion describing the dynamics of our system, the N-particle Smoluchowski equation, is a first-order differential equation of time. Therefore, it requires for its solution a precise description of the initial N-particle pdf, the initial state for short, which obviously depends on the specific experiment that we want to describe. The ensuing N-particle pdf at later times, and consequently the corresponding reduced pdf's such as P͑û , t͒, P ͑û Ј, t͒, and g͑r − rЈ , û , û Ј, t͒, will depend on this initial state as well. Now suppose that during our experiment we only monitor the oneparticle pdf P͑û , t͒. Equation ͑1͒ then in principle suffices to describe our results. In order to solve this equation, however, we need to specify the average torque T ͑û , t͒, which according to Eq. ͑3͒ and the remarks just made depends on the initial state. In Eq. ͑3͒, depending on the specific experiment under investigation, P ͑û , t͒ may be equal to P͑û , t͒ or not. To describe the decay of a single rod initially aligned along û 0 in an isotropic environment, P ͑û , t͒ =1/4 while P͑û , t͒ decays from P͑û ,0͒ = ␦͑û − û 0 ͒ to P͑û , ϱ͒ =1/4. To study the decay of rods which are all initially aligned along û 0 , P ͑û , t͒ = P͑û , t͒ at all times.
In Ref.
14 only the case with P ͑û , t͒ = P͑û , t͒ has been investigated. Moreover, for analytical purposes, Dhont and Briels 14 neglect all dynamical correlations and put g͑r − rЈ , û , û Ј, t͒ equal to its equilibrium value g͑r − rЈ , û , û Ј͒.
Next, following Onsager, 2,3 for long and thin rods they write g͑r − rЈ,û ,û Ј͒ = exp͕− ␤V͑r − rЈ,û ,û Ј͖͒.
͑4͒
With this approximation, the torque is given by
In a final step, they use a Ginzburg-Landau-type expansion of ͉û ϫ û Ј͉ in the above equation:
û û :û Јû Јͪ.
͑6͒
Note that in this expansion a factor of ͱ 2 / 3 has been replaced by / 4 for cosmetic reasons ͑with 3.8% deviation͒.
Evaluation of the average torque T ͑û , t͒ then leads to
͑7͒
where is the volume fraction of rods. We now introduce a quantity of central importance for homogeneous suspensions of long thin rods: the orientational order tensor S͑t͒ = Ͷ dû û û P͑û ,t͒,
͑8͒
which measures the orientational order. The largest eigenvalue of this tensor S is a measure of the degree of nematic order, while the corresponding eigenvector is "the director" of an aligned state and points in the preferred direction of the orientation of the rods.
Multiplying both sides of Eq. ͑1͒ by û û , applying Eq. ͑7͒ for the torque, and integrating with respect to û , we obtain the equation of motion of the orientational order-parameter tensor S as
where Î is the unit tensor, S ͑4͒ = ͗û û û û ͘ is a fourth-order tensor, and the brackets ͗¯͘ denote ensemble averaging. In order to make further progress we approximate 
͑13͒
As has been stressed above, D r coll ͑͒ is a collective diffusion coefficient, which describes the decay of a very small perturbation of an initially isotropic state. The spinodal concentration can be found at the point where D r coll ͑͒ is equal to zero.
III. SIMULATION METHOD

A. Dynamics
In this section we will briefly sketch a motivation for the equations of motion on the diffusive time scale used in this paper, starting from the more fundamental Langevin equation on the Fokker-Planck time scale. In Appendix B, we will prove that the resulting equations, Eqs. ͑27͒, ͑28͒, ͑30͒, and ͑31͒, indeed give rise to a probability distribution function evolving according to the Smoluchowski equation Eq. ͑A1͒.
Brownian dynamics is basically the solution of a set of Langevin equations on the Smoluchowski time scale. For very long and thin rods, 16 the rotational motion around the cylindrical axis does not couple to the remaining degrees of freedom and may be neglected. Assuming that for large aspect ratios L / D and low volume fractions L / D the flow field around the rods is equal to the externally applied field, the Langevin equations of motion for translation and rotation can be written as dp dt
Here p and J denote the momentum and angular momentum of some rod, v and ⍀ the linear and angular velocity, and F and T denote the force and torque, respectively. The subscripts R and S refer to random ͑caused by thermal collisions with solvent molecules͒ and systematic ͑due to the interactions between rods͒. In Eq. ͑14͒, the translational friction tensor ⌶ is orientation dependent:
where ␥ ʈ and ␥ Ќ are the translational friction coefficients for motions parallel and perpendicular to the axis of the rod, respectively, while in Eq. ͑16͒ ␥ r denotes the orientational friction coefficient. 6, 17 From hydrodynamics, the following expressions can be derived for long thin rods:
In Eqs. ͑19͒ and ͑20͒, s denotes the viscosity of the solvent.
Finally, the random force and torque are related to the corresponding friction tensors by fluctuation-dissipation theorems,
where ␦͑t͒ is the Dirac delta function.
In the highly damped systems that we will study, momenta lose their memory and relax to thermal equilibrium well within a time interval ⌬t, which is still too short for the configuration to change appreciably. We therefore average Eq. ͑14͒ over time ⌬t while keeping ⌶ fixed at its value at the beginning of the interval. Doing so, we arrive at
which is the equation of motion on the Smoluchowski, i.e., diffusive, time scale. The left-hand side is equal to zero because the average acceleration is very small compared to the individual terms on the right-hand side. ͗v͘ is the average velocity, which is equal to d͗r͘ / dt. Being a sum of Gaussian variables, the average random force ͗F R ͘ is itself a Gaussian variable, with autocorrelation function
for integer and with ␦ the Kronecker delta. On the Smoluchowski time scale ␦ ,0 / ⌬t acts as a Dirac delta function.
Since from now on we are only interested in the dynamics at the Smoluchowski time scale, we omit the bracket indicating the time average, and simply write r, v, and F R instead of ͗r͘, ͗v͘, and ͗F R ͘. Equation ͑24͒ then reads
Assuming that the friction tensor ⌶ and the systematic force F S are constant over the integration time step ␦t, we integrate Eq. ͑26͒, obtaining
The random displacement ␦r͑t͒, which is contributed by the random force, is defined as
͑Î − û û ͒ depends on the fluctuating variable û , the first integral in Eq. ͑29͒ is ambiguous and a choice has to be made to its interpretation. Since reorientations are generally much slower than displacements we have chosen to put ⌶ −1 ͑t + ͒ equal to ⌶ −1 ͑t͒, which in the mathematical literature is known as the Itô interpretation. Given this interpretation, the moments in Eq. ͑28͒ follow from the autocorrelations in Eq. ͑25͒. In the simulation program, the random displacements ␦r͑t͒ are calculated as follows: a random displacement with standard deviation ͱ 2k B T␦t / ␥ ʈ is applied along the cylindrical axis direction û , and two random displacements, each with standard deviation ͱ 2k B T␦t / ␥ Ќ , are applied in two mutually perpendicular directions, both perpendicular to û .
A similar treatment of the reorientations in the strongly damped limit leads to
Again we have used the Itô interpretation to calculate the moments in Eq. ͑31͒. The random reorientations ␦û ͑t͒ are treated in the same way as ␦r͑t͒ above: two Gaussian reorientations, with standard deviation ͱ 2k B T␦t / ␥ r , are applied in two mutually orthogonal directions, both perpendicular to û . Since this procedure will slightly change the length of û ͑t͒, the latter is normalized to unity after the integration step has been applied. Equations ͑27͒, ͑28͒, ͑30͒, and ͑31͒ constitute the equations of motion used in this paper. In Appendix B we prove that they indeed give rise to the Smoluchowski equation Eq. ͑A1͒. This proof should be considered to be the decisive motivation for choosing the above equations of motion.
The simulation system in the present work was based on the experimental data of fd virus. 16 All simulations were run using a time step ␦t of 0.05 s. 
B. Potential
In this section, the implementation of the excluded volume interactions between rods will briefly be discussed. Excluded volume interactions are described by means of the potential
where the sum runs over all pairs of rods. The "hardness" k of the potential is independent of the position r and orientation û of the rod. In our simulations, the value of this parameter k is chosen such that the pair potential equals the thermal energy k B T when the distance between two perpendicular rods equals 0.8 times their diameter. The overlap volume between rods i and j, V ov ͑r i , r j , û i , û j ͒, is calculated from
where d is the shortest distance between the two rods, i.e., d is the projection of the center to center separation onto the direction of û i ϫ û j ,
and is the angle between the long axes of the two rods. Details can be found in Ref. 18 . Equation ͑33͒ is valid only for infinitely long rods. For long thin rods of finite length, the overlap volume must be calculated in a different way in cases when two rods are almost parallel, or, to be more precise, when sin Ͻ D / L. In this work we have set the overlap volume in these cases equal to
͑36͒
Here, A ov and L ov denote the overlap area and the overlap length, respectively. A consequence of using a continuous potential to describe the repulsive or excluded volume interaction between two rods is that the rods can partly overlap. The parameter D is no longer a legitimate measure of the rod's diameter. We therefore propose to use the average shortest distance, calculated according to Eq. ͑35͒, of two interacting, i.e., overlap-
and is independent of the density, which illustrates the hardness of the potential. The small root-mean-square deviation
confirms the impenetrability of the rods. By introducing the effective diameter, the rods become "thinner," which changes the aspect ratio L / D eff from 60 to 68. Henceforce we will use D as a shorthand for D eff , except of course in the calculation of V ov . The volume fraction of the rod material will be calculated as if all rods have a fixed diameter equal to D eff . Given the potential ⌽, the forces and torques that are needed to propagate the system are calculated according to
͑40͒
Occasionally two rods may come very close to each other, mainly as a result of the random parts in the equations of motion; the forces and torques become extremely large in these cases. In order to keep the maximum displacements and reorientations per time step within reasonable limits, one-tenth of a diameter and 2D / ͑10L͒ radians, respectively, we have restricted forces and torques to be smaller than
respectively. The probability densities in Fig. 1 used to calculate D eff were sampled from runs based on the forces and torques just described.
IV. RESULTS
We first performed Brownian dynamics simulations on long and thin noninteracting rods, i.e., without considering excluded volume interactions between the rods. By calculating the mean-square displacement 19 of the centers of mass of the rods, we confirmed that the translational diffusion coefficient obeys
We measured the rotational diffusion coefficient by calculating
where P n ͑x͒ is the Legendre polynomial of nth order,
and found that it agreed well with its input value ͓see Eqs. ͑2͒ and ͑19͔͒.
A. Measurements of the rotational diffusion coefficient D r "…
In semidilute and concentrated solutions the rotational motion of a typical rod is very much restricted by the rods in its direct neighborhood. This is the more true, the higher the concentration is, and as a consequence the rotational selfdiffusion coefficient depends on the volume fraction . It may still be calculated according to Eq. ͑44͒, but with D r replaced by D r ͑͒. The results of these calculations are presented in Fig. 2 , together with those of two alternative methods. The second method consists of applying a constant ex- ternal torque T ex on a chosen rod and measuring the resulting average angular velocity ͗⍀͘. A small extra potential was applied to restrict the motion of the rod to a plane perpendicular to T ex . The rotational diffusion coefficient D r ͑͒ is then obtained from the measured rotational friction coefficient according to the Einstein equation:
As can be seen from Fig. 2 , the results of the two methods are in good agreement with each other, and depend strongly on the volume fraction .
In order to obtain reasonable estimates of the rotational diffusion coefficients for the higher volume fractions, the correlation function ͗P 1 ͑û ͑t͒ · û ͑0͒͒͘ = ͗û ͑t͒ · û ͑0͒͘ had to be calculated for correlation times up to t = 0.5 s. In this subsection we present a method to obtain the same information in a much shorter time. First, take the time derivative of the correlation function ͗û ͑t͒ · û ͑0͒͘:
where P͑û , t͒ is the probability distribution function of a rod with initial distribution P͑û ,0͒ = ␦͑û − û ͑0͒͒. Introducing Eq.
͑1͒ for the time derivative of the pdf we obtain
͑48͒
Performing two integrations by parts in the first term and one in the second term according to 6 Ͷ dû A͑û ͒R B͑û ͒ = − Ͷ dû ͓R A͑û ͔͒B͑û ͒, ͑49͒
we obtain
The second term, with
represents the contribution of the restoring torque exerted by the surrounding rods to the time evolution of ͗û ͑t͒ · û ͑0͒͘. For long time T r ͑û , t͒ becomes constant and ͗û ͑t͒ · û ͑0͒͘ diffusive. Inserting Eq. ͑44͒, with n = 1, into the left-hand side of Eq. ͑50͒ and performing the time derivative, we obtain ␤T r ͑û ,t͒ ͮ . ͑52͒
Repeating the same procedure, starting at Eq. ͑47͒, with higher values of n yields
where P n Ј͑x͒ is the derivative of P n ͑x͒.
The results of our calculations of ␤T r ͑û , t͒ are plotted in Fig. 3 . The total time of these simulations is around 0.1-0.2 s, which is considerably shorter than the traditional methods. The corresponding rotational diffusion coefficients are plotted in Fig. 2 , referred to as method III. It is seen that all these methods give the same results within statistical errors. Figure 3 reveals clearly that for all volume fractions ␤T r ͑û , t͒ becomes constant within about 0.005 s. As a result, only rather short simulations are needed to calculate the rotational diffusion coefficients. Contrary to this, for the higher volume fractions ͗û ͑t͒ · û ͑0͒͘ becomes diffusive only after 0.05 s. In order to understand why this correlation takes much longer to become diffusive than the time needed for the restoring torque to become constant, we formally solve Eq. ͑50͒, obtaining
Although T r ͑û , t͒, and therefore D r ͑ , t͒, becomes constant very quickly, it takes some extra time before the corresponding transient effects in 1 / t͐ 0 t dD r ͑ , ͒ have converged. In Fig. 4 the results of ͗û ͑t͒ · û ͑0͒͘ calculated according to Eq. ͑54͒ are plotted, together with those obtained directly from the simulations. Both agree well within statistical errors.
B. Collective orientational decay
In this subsection we will study the collective orientational decay of initially aligned, but transitionally disordered, rodlike colloids. Since we are only interested in exponential decay close to the equilibrium state, see Eq. ͑12͒, all runs had to be extended up to the point where the order tensor elements started to fluctuate. The collective rotational diffusion coefficient defined in Eq. ͑12͒ was calculated for various volume fractions and is plotted in Fig. 5 , referred to as method A. Obviously, this is not a very efficient method to obtain the quantities aimed for. For this reason, and also to have an independent check of the results, we have resorted to Onsager's regression hypothesis 20, 21 to write
where the brackets indicate averages in the equilibrium state. The results of these calculations are also plotted in Fig. 5 , referred to as method B. The results of both methods agree very well with each other but deviate considerably from the theoretical prediction of Dhont and Briels given in Eq. ͑13͒. Moreover, they are almost equal to the corresponding selfrotational diffusion coefficients D r ͑͒ discussed in Sec. IV. In order to test if our potential ⌽ = V ov given in Eq. ͑32͒ is sufficiently hard, we have performed additional simulations with somewhat different potentials. The results of runs with double and half the original hardness parameter k are included in Fig. 5 , denoted as "harder" and "softer," respectively. It turns out that the harder potential yields the same results as our original potential, indicating that the latter is most probably hard enough to represent hard colloids.
As already mentioned above, the simulation results of the collective rotational diffusion coefficients differ markedly from the theoretical predictions of Dhont and Briels based on DEK theory. As was shown by these authors, several approximations are used to arrive at the DEK equations.
First, the time dependence of g͑r − rЈ , û , û Ј, t͒ is neglected by putting it equal to its equilibrium value, which to a very good approximation is given by the Onsager formula Eq. ͑4͒.
Next, ͉û ϫ û Ј͉ occurring in the torque is approximated by a Landau-Ginzburg expansion. Finally, contractions of the fourth-order tensor S ͑4͒ are calculated by means of closure relations like the one in Eq. ͑10͒. Let us start our discussion with the last of these possible shortcomings of the theory. In order to check the quality of Eq. ͑10͒, we have calculated both sides directly from the simulations during four typical runs and plotted them in Fig. 6 . It is seen that the closure approximation performs very well for all values of the order parameter. Next we turn our attention to the LandauGinzburg expansion. From Eq. ͑5͒, i.e., right after the neglect of dynamic correlations, it is obvious that the average torque and, therefore, the equation of motion of the order tensor S are linear in L / D, although they may be highly nonlinear in simulations. Notice that both in the theory and in the simulations hydrodynamic interactions were neglected, and that these therefore cannot be the cause of the large deviations between theory and simulations.
Finally, let us return to the fact that the collective rotational diffusion coefficients are virtually equal to the rotational self-diffusion coefficients. Obviously this tells us that the average decay of different rods is hardly correlated, if at all. In Appendix C we prove that under this condition,
Together with ͗P 2 ͑û ͑t͒ · û ͑0͒͒͘ = exp͕−6D r ͑͒t͖, this proves that under these assumptions D r coll ͑͒ = D r ͑͒.
V. CONCLUSION
A Brownian dynamics simulation program has been written to investigate the diffusion properties of rigid long thin rodlike colloids. This program is based on the solution of the Langevin equations of motion on the Smoluchowski time scale. Hard-core interactions are taken into account by means of a pairwise additive potential, with each pair contributing proportional to the overlap of the corresponding rods. Hydrodynamic interactions between different rods are neglected. Self-and collective rotational diffusion coefficients were calculated from isotropic equilibrium simulations as well as from nonequilibrium simulations of initially fully aligned systems. The results of the present paper can be summarized as follows: ͑͒ show large deviations from the theoretical prediction of Dhont and Briels, for both equilibrium and nonequilibrium Brownian dynamics simulations. This is attributed to the neglect of dynamical correlations in the theory. ͑iii͒ The simulations indicate that the self-rotational diffusion coefficients D r ͑͒ and the collective rotational diffusion coefficients D r coll ͑͒ are virtually identical for the systems studied here. A theoretical investigation corroborates this observation and the conditions for which it is expected to hold true.
The insights gained from the simulations in the importance of the dynamical correlation between rods are a valuable asset to guide future improvements of the theory on the dynamics of long thin rigid rods. Further algorithmic improvements are needed to extend the current simulations to higher volume fractions, in order to study the dynamics of liquid crystal-like phase transitions, which are computationally too demanding for the current program. 
͑A1͒
where D t and D r are the translational and rotational diffusion coefficients of a free, noninteracting rod, and ⌽ is the total interaction energy of the assembly of N rods. Hydrodynamic interactions between the rods are neglected in the above equation.
Analytical progress can be made by assuming a pairwise additive total potential, that is,
with V the pair-interaction potential. This is exact for the rods with hard-core interactions considered here. According to the integral theorems of Gauss and Stokes, we have, respectively,
Using these relations, and noting that with P͑r , rЈ , û , û Ј, t͒ the pdf for the positions and orientations of two rods and V the volume. The two one-particle pdf's have been assumed to possibly differ. This point is further discussed in Sec. II.
APPENDIX B: EQUIVALENCE OF BROWNIAN DYNAMICS EQUATIONS OF MOTION AND THE SMOLUCHOWSKI EQUATION
In this Appendix we will briefly sketch the proof of the equivalence of the equations of motion used in this paper, Eqs. ͑27͒, ͑28͒, ͑30͒, and ͑31͒, and the Smoluchowski equation Eq. ͑A1͒. Although the general approach in this Appendix is fairly standard, [25] [26] [27] some of the technical details are a bit intricate. We will closely follow Appendix IV C in Ref. 27 .
From the equations of motion it is obvious that our system is Markovian. Therefore, the pdf P = P͑z , z 0 ; t͒ with z = ͕z 1 , ... ,z N ͖ and z i = ͕r i , û i ͖ satisfies the ChapmanKolmogorov equation
P͑zЈ,z 0 ;t + ␦t͒ = ͵ dzP͑zЈ,z;␦t͒P͑z,z 0 ;t͒.
͑B1͒
We explicitly mention the initial value z 0 of z to clarify the meaning of the Chapman-Kolmogorov equation. Since we are interested in the limit of ␦t → 0, in which case P͑zЈ , z ; ␦t͒ approaches a Dirac delta distribution, and we prefer not to make a Taylor expansion of the latter, we multiply the Chapman-Kolmogorov equation by F͑zЈ͒ and integrate, obtaining Although the second-order moments contribute a 5N ϫ 5N matrix, only those elements which are of first order in ␦t contribute to the final result. Since elements corresponding to two different particles are of order ͑␦t͒ 2 , we may restrict our attention to just one particle and write in more detail ͗␦z;␦t͘ · ٌ z F͑z͒ + where we have used Eqs. ͑27͒, ͑28͒, ͑30͒, ͑31͒, ͑39͒, and ͑40͒. Introducing these moments into Eq. ͑B7͒, using ͑Î 
͑B11͒
Since F͑z͒ is completely general, ‫ץ‬ / ‫ץ‬t P͑z , z 0 ; t͒ must be equal to the sum between curly brackets on the right-hand side. Summing over all particles on the right-hand side and using ٌٌ : ⌶ −1 P = ٌ · ⌶ −1 · ٌ P, we obtain the Smoluchowski equation Eq. ͑A1͒. The reader will have no difficulties to justify the unproven claims made in the course of the derivation.
APPENDIX C: DERIVATION OF EQ. "56… WITH APPROXIMATIONS OF TIME CORRELATION FUNCTION
For a homogeneous isotropic equilibrium system the time correlation functions of the spontaneous fluctuations of the orientational order-parameter tensor ͗␦ S͑t͒␦ S͑0͒͘ are given by
